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Average line segment length.

Jo V(@1 — 22)2 + (y1 — y2)? day dwy dyy dys
fU d.’l?l d.’l?g dyl dyg
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U

Change of variables.
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Collapse 2, y- integrals.

SD(U) = (.’f,.’ﬂg,g, yZ) maX(O? _jj) < T2 < r_nm(l, 1- i‘)
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Trig substitution to get single integral.

Yy =Ttanu

u = atan (g)
T

e @y e (oo (L))

dy = Zsec® udu

1 atan(%)
L:4/ / V22 4+ 22 tan® u(1 — z)(1 — Z tan u) sec? u du dT
o Jo

1 atan(%)
= 4/ (z? — %) / sec®u(1 — Ztanwu) du | dz
0 0

Integral breakdown.
1
L= 4/ (% — 23)(alZ) — B(Z)Z) dZ
0

Secant reduction rule.

atan(;) 1 atan( L atan(%) 11 /1 —2
a(:E):/ sec3udu:§(tanusecu|0t (’)—&—/ secudu):§(_~%—0-1+’y(f))
0 0

T

/1 2
—¢ 1+\/1+x2—flnx

272

Integral of secant.

atan(%) atan(l 1/% 1x 72 /%
v(Z) = / secu du = In(tan u+sec u)|0t () _ In < [Tt V1t =In(1+v1+2?)-Inz
0

1+0

(Note. sec(atan(b/a)) = 7”’2;“2 by inspecting a right triangle)
u substitution.
atan(%)
B(z) = / sec® utanu du
0
v =secu

v (oman (1)) o ve (1 955)

dv = secu tanu du

gt 5 v3 = Vit 1
B T) = d = — _— —
(‘T) L v v 3 1 3f3 3

Combine terms.
1 —3
VT 7 VT2 1
L:4/ @ — )t 1n1+\/1+x2 lnx<+x>a‘c)df
0

Group terms.

1 1
4 3
L:/ (1—3?)(2\/1+552—§\/1+532 )da‘c+2/ (22 (In(1+v/1 + 22)~InZ) dz+= /(:c —z%) dz
0 0

Hl

—A+B+C
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Polynomial integral.

Integration by parts.

1
B*Q/(x — 723 (In(1+ V1 +72) —InZ)d
0

:1+ﬁ+1 Ao V=%

-3 =4
<ln1+\/1+x2 —InZz) (:c I)

G )
— - = — - = T
o Jo \3 4 1+224+1422 T

simplifying polynomial terms and the remaining integrand.

s (5-5) e[ (5 ) e [ (5-5) (5w
a%rb = (a+‘g)’(2_b) = ag:gg, neat trick to move the square root to the numerator)
tasvmen [ (5T woa (5 2) (MR L)
zlln(1+ﬂ)+2Al (?j—f) dx+2A1 (ﬁ—f) (ﬁ—l) dx
] (22 ua [ (5 ) (5 5) s

11(1+\/§)+2/1($ x?’) Lz
6 o \ 3 4 ) 14 z2

Remaining integral term has a square root, so it’s regrouped with A, giving A’ and B’.

1 =2 =3 1
B:B'H/ (l‘ﬂ)dm
o \3 4/ V1+2z2

B = %ln(l +2)

(Note.

[=p}

A’ terms.

1 /- _3 1
A’:A+2/ (—x>da:
0 3 4 )14+ 22

A’—/1<(1—x)<2 1+m2—4\/1+x23)+2(962—$3)1 )dac
B 0 3 3 4 1/14,@2

Group by even/odd.

1
4 3 2 1 1
A’:/ (2 14722 —-v1+722 +x2) dﬁc—/ (2:6\/1+x2—x 1+m2 + )dx
0 3 3 V1472 0 5" ,/1+ '

8

— Ay — A
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u substitution on A,.

1
1 1
A2:/ <2x\/1—|—x2—x\/1+x2 + =T ) dz
0

2 \/1+£2
1 —2
_ —  4_ —3 1 _(1+z%) -1\ _
= 2T\ 1+ 722 — -1+ 722 + 1:) dzx
/0< 3 2 V1422
uw=1+z2

€(0,1)~»ue(l,2)
du = 2z dx

o (3122 e [ (- )

2
5 3 4 5 1 5 16 1 5 4 1 1 1
=2V - =V - = =22 V22— o o= 2 —
6\/E 15\/a 2\/&1 3\[ 15\f 2\[ 6+15+2 10\[ 15
Trig substitution on A;.
1
4 32 1
A :/ <2\/1+:f2—\/1+5c2 +a‘c2> dz
' 0 3 3 V1472
T =tanu
u = atanx
T
6(0,1)»—>u€(0,2)
dfc:sec2udu
2 1 )
Al = 2v/ 1+ tan?u — = 1+tanu + S tan? u———-— | sec? u du
0 3 1+ tanu

g 4 2
= / (2sec3u ~3 sec® u + g(SECQU - l)secu> du
0

:§/4sec3udufé/4sec5udufg/4secudu
3 Jo 3.Jo 3 Jo

Secant reduction rule.
8 (% 41 f 2
:7/ sec®udu — == | tanusec® u +3/ sec® udu 77/ secu du
3 0 3 4 0 0 3 0

I 1 9 [
/ secgudu—f(lﬂxf—o-l)—f/ secu du
0 3 3 Jo

fus T 2 2 T
! —|—/ secudu) —f\/i—f/ secu du
0 0 3 3 Jo

5 2 1 (%
:7(1~\f2—0-1)—7\[2+7/4secudu
6 3 6 Jo

INE)
ENE]
ENE]

(tan U Ssecu

1
2

=g(1-\f—0~1)—§\/5+é1n(1+\/§)
zéln(1+\f2)+éf2
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Finally, collect all terms back together.
L=A-Ay+B +C

1 1 1 11 1
= 14+ V2) 4+ V2 — —V24+ — + - In(1+V2) + —
6n(+\f)+6\f 10f+15+6n(+f)+15

1 1 2
= —In(1 2) 4+ — =
. n( +\f)+15ﬁ+15
~ 0.52140543316

8 digits: 0.52140543

5 digits: 0.52141



