Introduction
In this paper, I’'m going to solve 12 problems:

What is the average [square of the] length of a line segment within a unit [circle|sphere], with
[neither|one|both] endpoints constrained to be on the boundary of the shape?

1.
And, as a bit of lagniappe , at the end | shall solve this question proposed by Ether in a private message:

What is the average of the lengths of all the chords of the unit semi circle?

I'm going to place language being understood by a non-mathematician over rigor. Where I'm providing
additional clarification to the non-mathematician, I'll add comments in (parenthesis).

Mean length and square length of chords on the circle
As warmup, let’s start with the two problems which involve a single integration. That is:

What is the average [square of the] length of a line segment within a circle, with both endpoints
constrained to be on the boundary of the shape?

In pedantic form, these problems would take the form of double integrals:

IOZHIOZH 2R |sin((6,-6,)/2)| d6, del/J.Osz.OZT[ dB,d0O; and

| Oan Ozn (2R lsin((6,-6,)/2)|)* d6, do, / IOZHIOZH 46, d6,

However, whenever feasible, | am going to simplify integrals by taking advantage of the abundant radial
symmetry of the circle (and later, the even more abundant symmetry of the sphere). I'll be using this sort of
symmetry except for the lagniappe question at the end, so please make sure you are comfortable with it
before moving on.

0, and 8, do not individually does not matter, because of the radial
symmetry. What matters is the angular separation between these
two, which | shall designate as 6,-6,, and which is always 0 or
between 0 and . To see this, center the circle at the origin of a
polar coordinate system, and after selection of 8,, rotate the circle
so that 0, is at 6=0, as shown in figure 1 at left. If the resultis

negative, flip over the x axis (which does not change the chord
length). © = 6,0, is readily seen to be evenly spaced around an
angle of [0,mt]. The length of the chord from 0, to 8, is seen to be
2Rsin(0/2).

The average arc length is now:

L
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Figure 1: Chord Length Io 2Rsin(6/2) d6 /Io dé = ZR/HIO sin(6/2) d6



letting a= 6/2, dB = 2da, this becomes:

/2

ZR/T[J.O sinat 2 da = 4R/mt [-cosa] 0“/2

=4R/n [0 + 1] =4R/n

Likewise, the average square of the arc length is:

Tt

Ion (2Rsin(6/2))* d© / Ion de = 4R2/nI0 sin®(6/2) d6

Making use of a half angle formula rather than a change of variables:

L

4R2/n_[0 (1-cosB)/2 d6 = 2R2/n[0—sin0]on =2R*/n [n—0—0+0] = 2R?

Mean length and square length of line segments with one end on the circle

Here, we will begin by selecting the point with 6; as its coordinate
to be constrained to be on the circle. We shall then move the circle

so that the constrained point is at the origin of a polar coordinate

)
& or system, with the center of the circle along the radial 6=m/2, as

da=rdedr shown in Figure 2.
- rard® The circle (that is, the border) shown can be described in this

—

coordinate system by the equation r = 2Rsin8. This can be seen to

be the case by noticing that the two angles at the origin sumto a

R right angle, so ¢ =1/2 - 8. As the angle at the small square is a right
%é\o% angle by construction, and the sum of the angles on the lower
7

® triangle are i (1809), the angle at the center of the circle (8,) on this

g triangle also has value 0. Because the large triangle is isosceles, the

Figure 2: Radial Coordinates ©otherangle on the circle is ¢ and the other half of the central angle
(63) also has value 0. As the radius is R, the length of each half-chord

is Rsin®, so the length of the chord is 2RsinB at every point for0 <=0 <=m.

The average length of a line segment is found by integrating r for each point inside the circle (weighted by
area), and dividing by the area of the circle. We will refer to the numerator as R and the denominator as A:

J"rda /J"da =R/A

In the cartesian (right angle) coordinate system, da is simply dx dy (or dy dx). In polar coordinates, da is well
known as rdrd6. If you are not familiar with this, see figure 2 as an indication that an infinitesimally small
annular segment approaches a rectangle of area rdrd6. Also, follow the integration of the area in the next
paragraph for a bit of sanity check.



2Rsin®

R/A = IOHIO r’drd® / IOHIO rdrd6

In the interests of checking work and comforting those not comfortable with polar coordinates, let's first

2Rsin®

evaluate A, which should equal the area of the circle of radius R.

A= IOHIO rdrd@ = Ion[rz/Z] .

The integral of sin’0 can be solved using the half-angle formula as for the preceding problem, or looked up in a

2Rsin® 2Rsin®

18 Tt
df = I 2R%sin’0 d6 = 2R2I sin’6 df
0 0

table of integrals, either way giving:
n n
A= 2sz sin’6 do = 2R2[e/2 - %sin(26) ] = 2R2[n/2 -0-0+0 ] =R’
0 0
This clearly agrees with the well-known formula for the area of a circle. Similarly,
I
SN
0°0

The integral of sin°0 is easily found by substituting sin°0 = 1- cos’®:

2RsinB 2RsinB

r’drd6= n[r3/3] do = n8R3sin36/3 do = 8R*/3 nsin36 do
0 0 0 0

L L
R= 8R3/3I sinB-cos’0sinBdo = 8R°/3 [—cose+cos39/3] = 8R’/3 [1+1-1/3-%] =32R%/9
0 0

The mean length of these segments with one end on the circle is then:
R/A = 32R%/9 / R’ = 32R/9nt

The mean square of the length of these segments with one end on the circle is:
I'rzda /J"da =S/A

A = iR as before, and we can evaluate § similarly to both R and A:

)

The integral of sin®6 is found by substituting sin’0 = 1- cos’0 and using a half angle formula:

2Rsin® 2Rsin®

r*drd6= Ion [r4/4] . de = IOR4R4sin40 de = 4R4I0nsin40 do

|1 T
S= 4R4I sin%0 - cos’Osin’0 do = 4R4I sin%0 - %sin%20 do
0 0



The first term of the integral was previously calculated during the solution for A, yielding /2. W solve the
second through substituting a = 26, so that dB = J2da:

2n 2n
§=2mR*- R4I sin’a %da = 2mR* - %R4I sin’a da
0 0
We are once again integrating sin?, and use the same formula:
21
S =2nR*- 1/zR4[a/2 - Yasin(2a) ] =2nR*- 1/2R4[n -0-0+ o] = 3nR%/2
0

And the mean square length is:
/A =3nR%/2 / nR*= 3R?/2
Mean length and square length of line segments with both ends within the circle

The form of the averages above (with one end on the circle boundary) can be used to evaluate the average
length of any segment, if we can determine the population density R(r) of the larger of the radii of two
randomly chosen points; if we scale R(r) so that the total population is one, we integrate R(r) times the
average length of lines going from the border to within the smaller circle.

As a stepping-stone to this population density, consider the question: If two points are randomly chosen
within the unit circle (equal area is equal probability), what is the likelihood that BOTH of them have anr
coordinate which is less than or equal to R (for 1 >= R >=0)?

A: The chances of the first point being no greater than R are the area inside a circle of size R divided by the
area of the unit circle: mR? / m 1% = R%. The chances of the second point being no greater than R are also R*. The
chances of BOTH points being within R of the center is therefore R’R* = R*.

That is,

R
I R(r)dr=R"
0
and we find R(r) = 4r°.

The average length of a line segment within the unit circle is therefore:

1

1 1
_[ 4r* @ 32r/9m dr = 128/9n f r* dr = 128/9n [r5/5] = 128/45m
0 0 0

Similarly the average square of the length of a line segment within the unit circle is:

14r3 ®3r’/2dr=6 1r5 dr=6[r6/6] 1= 1
0 0 0



Spherical problems

z
The spherical cases can all be solved similarly, most pd(p@du m
conveniently in spherical coordinates. The spherical dp I
coordinates are defined: psingdo 0
p = distance from the origin = V(x*+y*+2°) y
¢ = angle from the north pole/z axis, aka colatitude = g———_————

cos™(z/p)
X
0 = azimuthal angle, aka longitude = atan2(y,x . . .
8 8 v.x) Figure 3: Spherical Coordinates
Converting back, we would use:
X = p sind cosH, y = p sind sinB, z=p cosd
As we shall be doing an integral over the spherical volume, we must examine a small volume to find that:

dV=dp pdd psingdO = p2 sing dp d¢ dO

Mean length and square length of line segments with both ends on the sphere

For this problem, | shall place the center of the sphere at the origin of the spherical coordinate system, and
take advantage of spherical symmetry to rotate it so that the “first point” is at $=0 (the north pole). (Not as
shown in Figure 3.) As with the chords on the circle, the other endpoint is equally distributed around the
sphere. The length of the chord is calculated much as in the circular case, and (referring back to figure 1,
inverting the figure, and replacing 8 with ¢) is seen to be 2Rsin(¢$/2). Since we are only integrating on a
surface of constant p =R, the integrals only have two dimensions; these further reduce to two single
dimension integrals because there are no inter-dependencies between 6 and ¢:

R/A = I')\da /J"da S/A = J")\Zda /I'da

Solving first for A, the area of the sphere:

A= I'da = Ioznfonpz sing d¢ db= pzfozn de Ionsin¢ do = p*2n [-cosd)]on: Anp®
This agrees with the well-known formula. Solving next for R:

R= J"?\da = foznfonzpsin(cp/Z) p’ sind d¢ db = 4np3_[0nsin(¢/2) sind d

Substituting a = ¢/2, sind = sin2a = 2 sina cosa, and d¢ =2da :



n/2 n/2
R= 4np3j sina 2 sina cosa 2da = 16np3I sin’a cosada
0 0

/2

R= 16np3[1/3sin3a] = 16np3[1/3 - 0] = 16mp°/3
0

Similarly for S:

2n . 1 I8
S= I')\Zda = I I (2psin(db/2))? p* sind dd db = 8np4I sin’(¢/2) sind d
0 o 0

n/2 n/2
S= 8np4j sin“a 2 sina cosa 2da = 32np4j sino cosada
0 0

S= 32np4[%sin4a] 0“/2= 32np4[% - 0] = 8np*

The mean length and mean square length of chords on the unit sphere are therefore:

R/A = 16mp°/3 / Anp®=4p/3 = 4/3 $/A = 8np* / Anp®=2p*=2

Mean length and square length of line segments with one end on the sphere

For the cases where one or both of the endpoints is 2
constrained to be on the sphere, we rotate and translate the
sphere so that that endpoint is at the origin of a spherical
coordinate system, with the center of the sphere along the $=0

axis (north pole). The mean length and square length are:
2¢

RCOSqJ

R/V = I'pdV/I'dV S/V = I'pde/I°dV

Again, we’ll solve the common denominator V, which is the R
volume of the sphere, as a sanity check. Note that to limit the

RCO S

integration to the volume, we limit p to 2Rcos¢. This is much
like the circular case, though using cos¢ instead of sin©
because ¢ corresponds to 1/2 - Bgire. We limit integration on x-y plane

¢ to /2, because this sphere is entirely above the z=0 plane.

Figure 4: Spherical Chord Length



2Rcos¢

2rn . /2
V= I I I p’ sing dp dob d6
0 0 0
Because 8 appears nowhere except in the dB, we can again separate this integral from the others:
21 /2
i=[ awf |
0 0 0

The integral over p is a simple power, and the integral over ¢ that results is recognized as a derivative of

cos":

2Rcosd

2Rcosd /2
p® sind dp do = 2rt_[ I p’ sind dp do
0 0

/2

V= ZnI :p3/3]0

0

2Rcosd /2
sing do = 16nR3/SI cos’psind do
0

/2

V= 16nR’/3 _-cos4¢/4] = 16mR%/3 [0+ 1 /4]= 4mR%/3
0

Which checks with the classic solution for the volume of a sphere. Similarly:

2n . 1/2
=00
2Rcosd . T/2

/2
R= ZnI [p4/4] sing dgp = 8nR*| cos*dpsind do
0 0 0

2Rcosd

2Rcos¢ /2
p> sind dp do db = ZTII I p’sind dp d
0 0

/2

R= 8nR4[-cos5¢/5] = 8nR4[0+ 1/5] = 8nR/5
0

And:

2Rcosd

2Rcos¢ /2
p” sind dp d db = ZTII I p*sing dp dop
0 0

2n . 1/2
=11, ],

S= ZnI :pS/S]0

2Rcosd /2
sing do = 64nR5/SI cos’dpsind db
0

/2

S= 64nR°/5 _'cos6¢/6] = 64nR5/5[0+ 1/6] = 32nR°/15
0



The mean length and mean square for segments with one end on the sphere are therefore:

R/V = 8nR*/5 / 4rR%/3 = 6R/5 §/V = 32nR°/15 / 4mR%/3 = 8R%/5

Mean length and square length of line segments within the sphere

As with the circular case, we shall use the results above and integrate these over the population density of the
outermost point as a function of p. The chances of a point on a circle having r < R was shown to be equal to
R% by the same argument, the chances of a point in a sphere having p <R is R®. The chances of both being less
than R is R*R*~R®. The population density then becomes:

R
[ reorao=r* > po) =65

The average length of a line segment within the unit sphere is therefore:

1 1 1
_[ 6p° ® 60/5 dp = 36/5_[ p° dp = 36/5 [p7/7] =36/35
0 0 0

Similarly the average square of the length of a line segment within the unit sphere is:
1 1 1
I 6p° ® 8p”/5 dp = 48/SI p’ dp =48/5 [p8/8] =6/5
0 0 0

Lagniappe: What is the average of the lengths of all the chords of the unit semi circle?

The points are selected along one degree of freedom, and the distance is a function of the separation between
the points, so we have:

b= IP(A) A\) dA,

where A(A) is the length function and R(A) is the population density, normalized so that [R(A)dA = 1.

For convenience in the form of A(A), | select A = |8,-61|/2, so that A(A) = 2RsinA, or simply 2sinA as this is the
unit circle. A has a domain from 0 to /2.

By the same argument as for each dimension in the original square problem, we find that R(A) scales linearly
from a maximum at A =0 down to zero at A = /2. We select scaling so that the integral over O to mis 1, and
evaluate R(A) = 8(r/2-A\)/r%. The average length of the chords of the unit semi-circle is then:

n/2 n/2
t= IP()\) AQ) dA = IO 8(r/2-\)/r” 2sin dA = 16/r* IO (1t/2-A) sinA dA

n/2 n/2

t =16/m’ I

/2 sink - AsinA dA = 16/m° [ -1t/2 cosA + AcosA - sinA ]
0 0



t =16/’ [n/2—0-0+0—1+o] =8/m - 16/m°, or (8m - 16)/m°

The squares of the lengths requires a few more integration tricks:
n/2 n/2
S= IP()\) N*(A) dA =I 8(r/2-A)/* (2sinA) dA = 32/ I (1/2-7) sin’A dA
0 0

Substituting sin*A = (1-cos2A)/2, we have:

n/2 n/2
§ =16/’ I (r/2-\) (1-cos2A) dA = 16/ I T/2-\ - 1/2c0s2A + Acos2A dA
0 0
Separating the polynomial term, and substituting a=2A, A=2qa, dA=)2da for the trig terms:
. /2 T
§ =16/’ ] /2-A dA + 16/n2_[ (Yoo cos a - t/2cos a) ¥da
0 0
_ /2 T
§ =16/’ _Tt/27\-‘/z)\2] + 4/ I ocosa - cosa. da
0 0
- T
S=16/m’ |°/4-0-10°/8 + 0] + 4/ [asina + cosa - nsina]
0
$=2+4/n [0—0 -1-1—0+o] =2-8/n’
Recap:
o \Dimension Length Length Square Square
Segment Definition (symbolic) | (numeric) | (symbolic) | (numeric)
Chords on circle 4/m 1.2732395 2 2.0000000
Segments with one end on circle 32/9m 1.1317685 3/2 1.5000000
Segments within circle 128/45n 0.9054148 1 1.0000000
Chords on sphere 4/3 1.3333333 2 2.0000000
Segments with one end on sphere 6/5 1.2000000 8/5 1.6000000
Segments within sphere 36/35 1.0285714 6/5 1.2000000
Chords on unit semi-circle 8/m - 16/m* | 0.9253402 | 2-8/m° 1.1894305

t Yes, lagniappe is a real word, at least in this part of the world. It's pronounced LAN-yap,
and means a bonus or unexpected gift, particularly one tacked on to a sale or contract. It
also carries connotations of Deming’s definition of quality: “exceeding expectations”.




