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Following reference input matrix

The feedback control law above makes the open-loop system behave like A.,.. ¢, but the input dynam-
ics are still that of the original system. Here’s how to make the input dynamics behave like B,..y. We
want to find the u;,, 7, that makes the real model follow the reference model.

Xp+1 = Axy + Bugng i
Zit1 = Ajeszy + Brepug

Letx = z.

Xk+1 = Zk+1
Axy +Bujp i = Aperxp + Brepug
Bujyf i = Arepxi — Axg + Brepug
By fr = (Apes — A)xi + Brepuy
Winsk = B (Ayef — A)xg + Brepug)
Winfr = —BI(A — Acp)xi + B'B,cpuy,

The first term makes the open-loop poles match that of the reference model, and the second term
makes the input behave like that of the reference model.

Time delay compensation

Linear-Quadratic regulator controller gains tend to be aggressive. If sensor measurements are time-
delayed too long, the LQR may be unstable (see figure C.1). However, if we know the amount of
delay, we can compute the control based on where the system will be after the time delay.

We can compensate for the time delay if we know the control law we’re applying in future timesteps
(u = —Kx) and the duration of the time delay. To get the true state at the current time for control
purposes, we project our delayed state forward by the time delay using our model and the aforemen-
tioned control law. Figure C.2 shows improved control with the predicted state.’
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Input delay and output delay have the same effect on the system, so the time delay can be simulated with either an

input delay buffer or a measurement delay buffer.
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For steady-state controller gains, this method of delay compensation seems to work better for second-
order systems than first-order systems. Figures C.3 and C.5 show time delay for a drivetrain velocity
system and flywheel system respectively. Figures C.4 and C.6 show that compensating the controller
gain significantly reduces the feedback gain. For systems with fast dynamics and a long time delay,
the delay-compensated controller has an almost open-loop response because only feedforward has a
significant effect; this has poor disturbance rejection. Fixing the source of the time delay is always
preferred for these systems.
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Figure C.3: Drivetrain velocity response at 1 ms
sample period with 40 ms of output lag
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Figure C.6: Flywheel response at 1 ms sam-
ple period with 100 ms of output lag (delay-
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Figure C.5: Flywheel response at 1 ms sample
period with 100 ms of output lag

Since we are computing the control based on future states and the state exponentially converges to
zero over time, the control action we apply at the current timestep also converges to zero for longer
time delays. During startup, the inputs we use to predict the future state are zero because there’s
initially no input history. This means the initial inputs are larger to give the system a kick in the right
direction. As the input delay buffer fills up, the controller gain converges to a smaller steady-state
value. If one uses the steady-state controller gain during startup, the transient response may be slow.

All figures shown here use the steady-state control law (the second case in equation (C.15)).

We’ll show how to derive this controller gain compensation for continuous and discrete systems.
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Continuous case

The undelayed continuous linear system is defined as X = Ax(¢)+ Bu(t) with the controller u(t) =
—Kx(t). Let L be the amount of time delay in seconds. We can avoid the time delay if we compute
the control based on the plant L seconds in the future.

u(t) = —Kx(t + L)

We need to find x(¢ + L) given x(t). Since we know u(t) = —Kx(t) will be applied over the time
interval [t,t 4+ L), substitute it into the continuous model.

x = Ax(t) + Bu(t)

x = Ax(t) + B(—Kx(?))
x = Ax(t) — BKx(t)

% = (A — BK)x(t)

We now have a differential equation for the closed-loop system dynamics. Take the matrix exponential
from the current time ¢ to L in the future to obtain x(¢ + L).

x(t + L) = e BRIy (¢) (C.10)

This works for ¢ > L, but if ¢ < L, we have no input history for the time interval [t, L). If we
assume the inputs for [t, L) are zero, the state prediction for that interval is

x(L) = eAFDx(t)

The time interval [0, ¢) has nonzero inputs since it’s in the past and was using the normal control law.

x(t 4 L) = A~ Bt (L)
x(t 4 L) = eABRIE ALy (1) (C.11)

Therefore, equations (C.10) and (C.11) give the latency-compensated control law for all £ > 0.

u(t) = —Kx(t+ L)
{—Ke(A_BK)teA(L_t)x(t) ifo<t<lL
u(t) =

C.12
—KeA-BK) Ly (¢) ift>1L (€12

Discrete case

The undelayed discrete linear system is defined as x; 11 = Axy + Buy with the controller u;, =
—Kx;.. Let L be the amount of time delay in seconds. We can avoid the time delay if we compute
the control based on the plant L seconds in the future.

u, = —Kxp /7

We need to find x /7 given x. Since we know u, = —Kxy, will be applied for the timesteps &
through & + %, substitute it into the discrete model.

X1 = Axy + Buy
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Xpr1 = Axg + B(—ka)
Xk+1 = AXk - BKXk
xp+1 = (A — BK)xy

Let T be the duration between timesteps in seconds and L be the amount of time delay in seconds.
% gives the number of timesteps represented by L.

Xpr17 = (A — BK)Tx;, (C.13)

This works for k7" > L where kT is the current time, but if k7" < L, we have no input history for
the time interval [kT', L). If we assume the inputs for [kT', L) are zero, the state prediction for that
interval is

L—kT
Xpr=A"T X

L_k
xpr = AT "X

The time interval [0, £7") has nonzero inputs since it’s in the past and was using the normal control
law.

Xk+L/T = (A — BK)kXL/T
X7 = (A — BK)* AT *x, (C.14)

Therefore, equations (C.13) and (C.14) give the latency-compensated control law for all ¢ > 0.

u, = —Kxp /7
“K(A - BK)*ATFx, if0<k< L

T JAT e HOSk <g (C.15)
“K(A - BK)7Tx; ith > L

If the delay L isn’t a multiple of the sample period 7" in equation (C.15), we have to evaluate fractional
matrix powers, which can be tricky. Figen (a C++ library) supports fractional powers with the pow ()
member function provided by <unsupported/Eigen/MatrixFunctions>. scipy (a Python li-
brary) supports fractional powers with the free function scipy.linalg.fractional_matrix_power ().
If the language you’re using doesn’t provide such a function, you can try the following approach in-
stead.

Let there be a matrix M raised to a fractional power n. If M is diagonalizable, we can obtain an
exact answer for M"™ by decomposing M into PDP~! where D is a diagonal matrix, computing
D" as each diagonal element raised to 7, then recomposing M" as PD"P !,

If a matrix raised to a fractional power in equation (C.15) isn’t diagonalizable, we have to approximate
by rounding % to the nearest integer. This approximation gets worse as L mod I" approaches %
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